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BY MEANS OF NEAREST-NEIGHBOUR ESTIMATIONS OF DIMENSIONALITY

AA. CHILINGARIAN and S Kh. HARUTUNYAN

Yerenan Physics Fririwre, Alikhanion Brotkers 5t 2, Yereoan 375036, Armeni, LAsk

Received 14 September 1988 and in revised form 9 January 1939

A new method of analysis of mulliple fnal states in high-energy physics is described. [0 can be recommended for the preliminary
analysis of events with high multiplicity and is able to indicate the emistence of various bound states. The method allows a
visualization of multidimensional data, this being particularly important in the dialog mode of data handling. New algorithms based
on the estimation of the multivariate probability density are used for the determination of corrclation dimensionality, These
algorithms are more suitable and precise as compared Lo the earlier suggested ones, dus to the natural scale introdeced and the
account of the distribution fenction of the correlation integral. The serviceability of the algorithms is checked in & series of Monte

Carlo sirnulations.

L. Introduction

Recently, great success in the description of complex
system behaviour was achieved by using geometrical
representations. The generalized dimensionality origi-
nally introduced by Renwi (1] and applied by Grass-
berger and Procaccia for the analysis of chaotic be-
haviour [2] proved to be highly fruitful in various appli-
cations, beginning from the descniption of crystal growth
[3] up to the star cluster [4] and quark—gluon plasma [$).

On the other hand, the development of Mandelbrot's
ideas about the fractal character of MNature [6] also
brought a new understanding of physical experimental
data.

The kinematic information on the high-multiplicity
reactions sharply increases and, simultanecusly, the de-
tection of so far unknown mechanisms of production of
a given final state becomes more difficult [7]. The
effective mass distribution docs not allow any definite
conclusions,

All the available information on the reaction consists
of the values of all possible random varizbles induced
by this reaction and measured in an experiment. Events
are concentrated in relatively small regions of phase
Space,

The essential inhomogeneity and complexity of the
event patterns in phase space gave us the idea of using a
fractal approach for the analysis of multiple production,
[n a wide sense a fractal scl is a set whose structure is
related to dimensionality [8). Fractal analysis proves to
be useful every time when the system's behaviour is
characterized by attractivity. That is. final states are
grouped in some bounded subspace called attractor,
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whose dimension is less than that of the initial phase
space [9].

It should be mentioned that there exist many differ-
ent definitions of dimensionality and specific ways to
calculate them for finite sets [10], most of which go back
1o the first generalization of the dimensiomality notion
by Hausdorf [11]. However, for the cases important to
phyvsical experiments, most of these definitions are
equivalent; therefore we shall prefer the methods allow-
ing one 1o consider large dimensions of the inital space.

Strict mathematical definitions of dimensionality as
well as references to the basic works can be found in
ref. [12].

Highly useful proved to be the approach worked out
by Procaccia et al. and Young [13,14], which allows the
generalization of some of the most popular definitions
of dimensionality and creates a numerical method of
calculation.

Note that the aim of the fractal approach is not o
provide us with a ready theory but io formulate em-
pirical Tacts in terms of geometry [15] for a subsequent
comprehensive analysis.

2, Comrelation dimension calcalation

Procaceia showed that there exist an infinite number
of generalized dimensions characlerizing an attractor:
Al
limin ¥ P9/n 1, (1)
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in the d-dimensional initial space where an embedded
attractor i divided into M{/) cubes (boxes, cells,







