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STATISTICAL DECISIONS UNDER NONPARAMETRIC A PRIORY INFORMATION
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A program is developed for simular and experimental data handling. The main purposes are: the choice of the model most
precisely describing the experiment, classification of particles and interaction processes. Procedures used: Bayes error
calculation, K nearest neighbour density estimation, “Leave-one-out-at-a-time” test. Used nonparametric methods provide
quantitative comparison of multivariate distributions and distribution mixture classification. Applications: high energy

physics, cosmic ray physics.

PROGRAM SUMMARY

Title of program: KNN

Catalogue number: ABHS

Program obtainable from: CPC Program Library, Queen's
University of Belfast, N. Ireland (see application form in this
issue)

Computer: IBM 3090, EC 1045, PDP 11,/70, IBM PC-AT
Operating system: VM /CMS, RSX, NORTON

Programming language used: FORTRAN 77

No. of bits in a word: 32, 16

No. of lines in combined program and test deck: 487

Keywords: Monte Carlo statistical inference, nonparametric
methods, pattern recognition, multivariate analysis, Bayes risk
estimation, probability density estimation, classification

Nature of physical problems

Choice of theoretical model most precisely describing expen-
mental Data, extraction of events of a definite type, classifica-
tion of particles and interaction processes.

Nature of statistical problems

Quantitative comparison of multivariate distributions, classifi-
cation of distribution mixture, bump hunting, feature extrac-
tion.

Procedures used
Bayes decision making, “leave-one-out” test, K nearest
neighbours (KNN) density estimation.
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LONG WRITE-UP

0. Introduction

The scientific method is characterized by data
classification, the study of their interrelations and
relations to past experience, summarized in vari-
ous theories and hypotheses. Usually, it is impos-
sible either to prove or to refute hypotheses by
deductive method. The challenge is to draw sensi-
ble conclusions from noisy, discrepant informa-
tion.

The main aspect of applied statistics is collec-
tion and interpretation of data, the interpretative
aspect being the one that is now regarded as the
essence of the subject [1]. The fundamental idea of
statistics is that useful information can be acquired
from individual small bits of data. Inductive meth-
ods lead to empirical statements, that may be
connected with theoretical ones by means of ra-
tional inductive conclusion rules [2].

However, it is very important to provide the
scientist with an objective criterion by which he
can judge the claims of hypotheses (models) under
investigation. By model we mean a complete prob-
ability statement of what currently is supposed to
be known a priori about the mode of generation of
data and of uncertainty about the parameters [3].

If this statement consists in the existence of an
analytic distribution family (like Poisson or Gaus-
sian), appropriate to the problem at hand, we have
a prescribed parametric model. For such paramet-
ric models a well known concept of statistical
inference consists in obtaining estimates of its
parameters and verifying the validity of the cho-
sen family [4].

We shall restrict ourselves to the binary com-
parison case, that is, comparisons of two from
many competing hypotheses at a time. Qur exam-
ple concerns a case where we want to realize the
choice of one of two well-defined hypotheses-
cosmic ray hadron classification by means of a
Transition Radiation Detector (TRD) [5].

The classification problem is traditionally de-
scribed in terms of null and alternative hypothesis,
critical and acceptance regions, and level of sig-
nificance [6].

The best critical region is constructed by means
of the Likelihood Ratio (LR),

_ p(x/6})
p(x/6%)

Here x is a many-dimensional observable, in our
case the energy release in TRD layers. p(x/6*)
and p(x/6;) are conditioned on particle type
probability density functions, obtained separately
for pions and protons. 8* is a Maximal Likel-
hood Estimate (MLE)

LR(x) (0.1)

M

§* = argmax »_ In p(x,/0), (0.2)
8 i=1

where set {x;}, i=1, M, is obtained from TRD

callibration or, for superaccelerator energies, by

simulation. M is the number of callibration or

simulation trials.

Leaving apart the question about effectiveness
of MLE for finite samples [7], we want to check,
whether the MLE method permits us to do a very
powerfull summary of data — we are summarizing
a {x,;} dataset by a probability density. Maximal
Likelihood Summary (MLS) can be used for com-
parative purposes [8].

But for almost all problems of inference, the
crucial question is whether the fitted probability
family is in fact consistent with the data. Usually
parametric models are chosen for their statistical
tractability, rather than for their appropriatness to
the real process being studied.

Of course, any statistical inference is condi-
tioned on the model used, and, if the model is
oversimplified, so, that essential details are either
omitted, or improperly defined, at best only
qualitative conclusions may be done. Now, in
cosmic ray and accelerator physics very sophysti-
cated models are being used, completely mimick-
ing a stochastic mechanism where by data is gen-
erated. An example of such models is the Geant3
system, designed for detector description, simula-
tion and optimization studies [9], and models of
cosmic radiation propagation through atmosphere
and detectors [10].
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Such models are defined on a more fundamen-
tal level than parametric models, and provide us
with a wide range of outcomes from identical
input variable sets- “labled”, or “training” sam-
ples (TS). These sets of events with known mem-
bership representing a general, nonparametric
mode of a priori information. For our example, we
obtained samples, corresponding to pion and pro-
ton traversals through TRD, i.e. w, and w,,.

So, usually, for experimental physics data han-
dling, the likelihood function cannot be written
explicitly, and we deal with implicit, nonparamet-
ric models, for which no parametric form of un-
derlying distribution is known, or can be assumed.

Although using simulation to analyse data in
high energy physics is wide-spread, we are aware
of very few systematic investigations of theoretical
aspects about how data may be compared with its
simulated counterpart [11,12]. What we need is a
well defined technique, what one can call Monte-
Carlo Inference.

The term “Monte-Carlo Inference” at first ap-
peared in the discussion of the valuable paper by
Diggle and Gratton, where analitically intractable
model fitting facilities were established [13].

This present paper considers classification and
hypothesis testing problems in the framework of
Bayesian paradigm [14]. The inference problem in
Baysian approach is similarly described in terms
of [X, ©, D, P,, p(x/8), L(d, 8)], where X is
an event (measurement, feature,...) space-collec-
tion of possible outcomes of random experiments,
6> O is a parameter or index of various classes,
types, hypotheses (further we shall denote these
classes by w;, or explicitely-by w,, and w,), Py is
the prior density, p(x/8) is the conditional den-
sity, D is the decision space, containing possible
decisions, and L(d, 8) is the nonnegative loss
function, defined on D X 6.

For our example specification of prior density
and loss function meets no difficulties: ©-space
includes two values pr and =, with prior probabili-
ties P, and P,, (P, + P, = 1) which are obtained
from a previous most confident experiment. If
there is no such experiment, the uniform density
can be used: P, =P, =0.5.

For classification purposes a simple one to zero

loss function is usually used: losses are equal to
zero for a correct decision and one for any error.

1. Bayes decision rule, the measures of the close-
ness of empirical data and model

Bayssian approach provides the general method
of incorporation of a priori and experimental in-
formation. Bayes theorem,

plw/x) = —LM (1.1)
E P;'P(x/‘*’;)

i=1

gives us a posterior to the x-density, i.e. the prob-
ability of wclass(hypothesis) to be truth, if the
x-value was observed, and before experiment the
P; prior density was assumed. L is the number of
hypothesis under investigation.

The decision rule, that assigns observable x to
the class with the highest a posteriori density w*
(Bayes decision rule), takes into account all usefull
information and all possible losses due to any
wrong decision,

w* = argmax p(w,/x), i=1, L. (1.2)

For hadron classification Bayes decision rule
takes the form

p(wo/x) S p(wp,/x) 2850w = (PE (13)

So, the posterior density is the basis of statisti-
cal decisions on particle type and on simular and
experimental data closeness. The term closeness
refers to the degree of coincidence, similarity,
correlation, overlapping or any such variable. Ex-
amples of these separability measures are the
Kolmogorov variational distance (L1-metric) [15],

KJ'=f|p(wexp/x)_p(wj/x)| dx, (14)
X

and the Bhattacharya distance (Hotteling coeffi-
cient),

Bj‘:fX(P(@c;p/x)p(wj/x))u's dx. (1.5)








